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    CMBUkTI1 
 

cMnYnkMupøic 
 

1-niymn½y 
 k> cMnYnnimμit 
  plKuNéncMnYnBit c  xusBIsUnünwg i  ehAfacMnYnnim μit . 
  ehAfaÉktanim μitEdl i 1i2     b¤ 1i    . 
 ]TahrN_ ³  ...,i3,

3

i2
,i5,i2   ehAfacMnYnnim μit . 

 x> niymn½ycMnYnkMupøic 
  cMnYnkMupiøcCacMnYnEdlmanrag b.iaz   Edl a  nig b  CacMnYnBit . 
 eKtagsMNMuéncMnYnkMupøiceday ¢ . 
  ehAfaEpñkBitén a b.iaz   EdlkMNt;tageday  . a)zRe( 

  ehAfaEpñknim μitén b b.iaz   EdlkMNt;tageday  . b)zIm( 

 ]TahrN_1 ³ i7,i5,i41,i34,i23,i21   
 ehAfacMnYnkMupøic . 
 ]TahrN_2³ rkEpñkBit nig Epñknim μitén i23z    ? 
 EpñkBit nig Epñknimμitén i23z   KW 2)zIm(;3)ZRe(   . 
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sikSaKNitviTüaedayxøÜnÉg                    cMnYnkMupøic 

 

2-RbmaNviFIelIcMnYnkMupøic 
 k> viFIbUkcMnYnkMupøic 
  ]bmafaeKmanBIrcMnYnkMupøic b.iaz1   nig d.icz2   
 Edl  CacMnYnBit . d,c,b,a

 eK)an )db(i)ca()idc()b.ia(zz 21   
 dUcenH )db.(i)ca(zz 21   . 
 ]TahrN_ ³ eK[cMnYnkMupøic i23z1   nig i57z2   .  
 KNna  21 zz 

 eK)an )i5i2()73()i57()i23(zz 21   
 dUcenH  . i34zz 21 

 x> viFIdkcMnYnkMupøic 
 ]bmafaeKmanBIrcMnYnkMupøic b.iaz1   nig d.icz2   
 Edl  CacMnYnBit . d,c,b,a

 eK)an )db(i)ca()idc()b.ia(zz 21   
 dUcenH )db.(i)ca(zz 21   . 
 ]TahrN_ ³ eK[cMnYnkMupøic i23z1   nig i57z2   .  
 KNna  21 zz 

 eK)an )i5i2()73()i57()i23(zz 21   
 dUcenH  . i710zz 21 
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 K> viFIKuNcMnYnkMupøic 
  ]bmafaeKmanBIrcMnYnkMupøic b.iaz1   nig d.icz2   
 Edl  CacMnYnBit . d,c,b,a

 eK)an )d.ic)(b.ia(zz 21   

                            
)bcad(i)bdac(

bdibciadac

bdiibciadac 2





 dUcenH )bcad(i)bdac(zz 21   . 
 ]TahrN_ ³ eK[cMnYnkMupøic i2z1    nig i31z2   . KNna 21 zz   
 eK)an  i55i3ii62)i31)(i2(z.z 2

21 

 dUcenH  . i55z.z 21 

 X> viFIEckcMnYnkMupøic 
 ]bmafaeKmanBIrcMnYnkMupøic b.iaz1   nig d.icz2   
 Edl  CacMnYnBit . d,c,b,a

 eK)an 
222

2

2

1

dic

bdiibciadac

)idc)(idc(

)idc)(iba(

idc

iba

z

z













  

                    
2222 dc

)adbc(i)bdac(

dc

bdibciadac









  

 dUcenH 
2222

2

1

dc

adbc
.i

dc

bdac

z

z








   . 
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i51z ]TahrN_ ³ eK[cMnYnkMupøic 1   nig i1z2   . KNna 
2

1

z

z  

 eK)an 
2

i46

11

5i5i1

)i1)(i1(

)i1)(i51(

i1

i51

z

z

2

1 













  

 dUcenH i23
z

z

2

1    . 

 g> sV½yKuNén i 
 eKmansV½yKuNén i  dUcxageRkam ³ 

 


















1ii.ii.ii

ii.ii

1ii.ii.ii

ii.ii

1)1()i(i

ii.ii

1i

ii

278

67

256

45

2224

23

2

1

 

 CaTUeTA ii,1i,ii,1i 3n42n41n4n4    RKb; INn   
 dUcenHcMnYn  es μInwgcMnYndEdl²KW ni i,1,i   nig 1 RKb; . INn
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 c> sV½yKuNéncMnYnkMupøic 
  eKmansV½yKuNéncMnYnkMupøicdUcxageRkam ³ 

 















n

0k

kkknn

3342244

32233

222

i.ba)k,n(C)iba(

)ab4ba4(i)bba6a()iba(

)bba3(i)ab3a()iba(

ab2.iba)iba(

 

 Edl 
)!kn(!k

!n
)k,n(c


   . 

 ]TahrN_ ³ KNna  nig  . 32 )i2(,)i31(  4)i21( 

 eK)an ³ 

  
i24716i3224i81)i21(

i112i6i128)i2(

i689i61)i31(

4

3

2







 q> kMupøicesμIKña 
 ]bmafa   nig ibaz1  d.icz2   Edl  CacMnYnBit . d,c,b,a

  








db

ca
zz 21
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 dUcenHcMnYnkMupøicBIres μIKñaluHRtaEtEpñkBites μIKña nig Epñknim μitesμIKña . 
 ]TahrN_ ³ eK[  i432z1   nig  i89z2   
 cUrkMNt;BIrcMnYnBit   nig   edIm,I[ 21 zz   ? 
 kMNt;   nig  ³ 

 








84

932
i89i432  

 eKTaj)an   . 3,2 

 C> KNnab¤skaeréncMnYnkMupøic 
 ]bmafaeKmancMnYnkMupøic b.iaz    Edl  CacMnYnBit b,a

 edIm,IKNnab¤skaerén z  eKRtUvGnuvtþn_dUcxageRkam ³ 
 tag y.ixw   Cab¤skaerén b.iaz    ¬ y,x CacMnYnBit¦ 
 eK)an   zw2 

               
iba)xy2(i)yx(

b.ia)y.ix(
22

2





 eKTaj)an  







bxy2

ayx 22

 edaHRsayRbBn½æsmIkarenHeK)anKUcemøIy )},();,{()y,x( 2211   
 dUcenH 222111 iw;iw    . 
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]TahrN_1 ³ KNnab¤skaeréncMnYnkMupøic i2021z    
tag y.ixw   Cab¤skaerén i2021z    ¬ y,x CacMnYnBit¦ 
eK)an   zw2 

               
i2021)xy2(i)yx(

i2021)y.ix(
22

2





eKTaj)an  







20xy2

21yx 22

bnÞab;BIedaHRsayRbBn½æsmIkarenHeK)anKUcemøIy ³ 
 2y,5x    b¤ 2y,5x   
dUcenH i25w;i25w 21    . 
]TahrN_2 ³ KNnab¤skaeréncMnYnkMupøic i2021z    
tag y.ixw   Cab¤skaerén i68z    ¬ y,x CacMnYnBit¦ 
eK)an   zw2 

               
i68)xy2(i)yx(

i68)y.ix(
22

2





eKTaj)an  







6xy2

8yx 22

bnÞab;BIedaHRsayeK)anKUcemøIy ³ 3y,1x    b¤ 3y,1x   
dUcenH i31w;i31w 21    . 
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3-cMnYnkMupøicqøas; 
 k> niymn½y 
 cMnYnkMupøicqøas;éncMnYnkMupøic IRb;a,b.iaz   KWCacMnYnkuMpøicEdl 
 kMNt;tageday  b.iaz   . 
 ]TahrN_ ³ cMnYnkMupøicqøas;én i34z   KW i34z   . 
 x> lkçN³ 
        !> 2121 zz)zz(    
    @> 2121 z.z)z.z(     

    #> 
2

1z

2

1

zz

z








    

 sRmaybBa¢ak; 
 tag  nig ibaz1  idcz2   Edl  CacMnynBit . d,c,b,a

 eK)an b.iaz1    nig d.icz2   
 man )db(i)ca(zz 21   enaH )db(i)ca(zz 21   
 ehIy )db(i)ca(idcibazz 21   
 dUcenH 2121 zz)zz(   . 
 eKman )bcad(i)bdac()idc)(iba(zz 21   
 eK)an )bcad(i)bdac(z.z 21   
 ehIy )bcad(i)idac()idc)(iba(z.z 21   
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 dUcenH 2121 z.z)z.z(    . 
 eKman 

2222
2

1

dc

adbc
.i

dc

bdac

)idc)(idc(

)idc)(iba(

idc

iba

z

z


















  

 eK)an 
2222

2

1

dc

adbc
.i

dc

bdac

z

z

















  

 ehIy 
2222

2

1

dc

adbc
.i

dc

bdac

)idc)(idc(

)idc)(iba(

idc

iba

z

z


















  

 dUcenH 
2

1z

2

1

zz

z








     . 

 K> kenSamEpñkBit nig EpñknimμitCaGnuKmn_én z  nig z  
 ]bmafaeKman  enaH ibaz  ibaz   Edl CacMnYnBit . b;a

 eK)an  a2ibaibazz   enaH 
2

zz
a


  

 ehIy ib2ibaibazz   enaH 
i2

zz
b


  

 dUcenH 
2

zz
)zRe(


   nig 

i2

zz
)zIm(


   . 

 -ebI  enaH 0)zRe(  zz    naM[ z  CacMnYnnim μit . 
 -ebI  enaH 0)zIm(  zz   naM[ z  CacMnYnBit . 
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4-Gnuvtþn_cMnYnkMupøickñúgdMeNaHRsaysmIkardWeRkTIBIr 
 ]bmafaeKmansmIkardWeRkTIBIr 0cbzaz2    
 Edl  CacMnYnBit . c,b,a,0a 

 DIsRKImINg;énsmIkarKW ac4b2   
 -ebI  smIkarmanb¤sBIepSgKñaCacMnYnBitKW ³ 0

       
a2

b
z;

a2

b
z 21





  

 -ebI   smIkarmanb¤sDúbCacMnYnBitKW 0
a2

b
zz 21   

 -ebI  smIkarmanb¤sBIepSgKñaCacMnYnkMupøicqøas;KñaKW ³ 0

       
a2

||ib
z;

a2

||ib
z 21





  

 ]TahrN_ ³  
 edaHRsaysmIkar 05z6z2 2   
 DIsRKImINg;énsmIkar 2i444036   
 eKTajb¤s 

2

1
.i

2

3

4

i26
z;

2

1
.i

2

3

4

i26
z 21 





  

 dUcenHsmIkarmanb¤dBIrepSgKñaCacMnYnkMupøicqøas;KñaKW ³ 
 

2

1
.i

2

3
z;

2

1
.i

2

3
z 21    . 
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5-cMnYnkMupøickñúgbøg; 
 k> kartagcMnYnkMupøickñúgbøg; 
 kñúgtRmuyGrtUNrem )xoy(  eKGactagcMnYnkMupøic IRb,a;b.iaz    
 edaycMNuc M  mYymankUGredaen  . )b,a(

 eKfa M  CacMnucrUbPaBéncMnYnkMupøic ibaz   ehIy  ehAfaGaPicén z

 cMnuc  EdleKkMNt;sresr   . )b,a(M )z(M

 dUcKñaEdr eKk¾GactagcMnYnkMupøic IRb,a;b.iaz   edayviucTr½ 

  .  )b,a(OMu 


 eKfa  CavIucTr½rUbPaBéncMnYnkMupøic 

u ibaz   ehIy  ehAfaGaPicén z

 viucTr½  EdleKkMNt;sresr   . 

u )z(u



 

Mb 

a o x 

y 
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 x> viucTr½rUbPaBénplbUkcMnYnkMupøickñúgbøg;kMupøic 
  kñúgtRmuyGrtUNrem )xoy(  ]bmafaeKmancMnYnkMupøicBIr  nig   1z 2z

 ehIytag  nig  CarUbPaBén  nig  . 1M 2M 1z 2z

 eK)an   nig    CaviucTr½rUbPaBén  nig  . 


1OM


2OM 1z 2z

  y
M 
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 eKman  


 OMOMOMzz 2121

 dUcenHrUbPaBén  KWCaviucTr½Ggát;RTUgénRbelLÚRkam . 21 zz  21MMOM

 
 
 

 

2M

1M

x

 

 O
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 K> viucTr½rUbPaBénpldkcMnYnkMupøickñúgbøg;kMupøic 
  kñúgtRmuyGrtUNrem )xoy(  ]bmafaeKmancMnYnkMupøicBIr  nig   1z 2z

 ehIytag  nig  CarUbPaBén  nig  . 1M 2M 1z 2z

 eK)an   nig    CaviucTr½rUbPaBén  nig  . 


1OM


2OM 1z 2z
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eK)an  


 OM'OMOM)z(zzz 212121

dUcen rUbPaBén 21 zz   KWCaviucTr½Ggát;RTUgénRbelLÚRkam . 21 'MMOM

 

y  

'x

'

 x  

y  
'M2

2M  

M

1M  

O  
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 X> viucTr½rUbPaBénplKuNcMnYnBit nwg cMnYnkMupøickñúgbøg;kMupøic ³ 
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 y  

 
 

'M

 
M   

 
 x  O  

 
 ]bmafa M  nig  CacMnucrUbPaBén  nig 'M z )0(,z   

 rUbPaBén  KW   Edl  z.


'OM


 OM'OM      . 
6-m:UDúléncMnYnkMupøic 
 k> niymn½y 
 kñúgtRmuyGrtUNrem xo )y(  eKyk  CarUbPaBén )b,a(M ibaz   . 
 rgVas; OM  ehAfam:UDúlén   ibaz   . 
 eKkMNt;tagm:UDúlén  ibaz   eday |z|  b¤ r  EdlGacKNna)antam 
 rUbmnþ 22 baOMr|z|    . 
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 y 

 
M

  b 

 
 |z| 

 
P 

 x o a 
 
  kñúgRtIekaNEkg OMP  eKman 222 OPMPOM   
  eday bMP,aOP   
  eK)an   b¤ 222 baOM  22 baOM   . 
  dUcenH 22 baOM|z|   . 

 x> lkçN³ 
  !> |z||z|   
  @> 2|z|z.z   
  #>  |z|.|z||z.z| 2121 

  $> 
|z|

|z|

z

z

2

1

2

1   

  %>  nn |z||z| 
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K> vismPaBRtIekaN  
     RKb;cMnYnkMupøic  nig  eKman 1z 2z |z||z||zz| 2121    
sRmay ³ 
tag  nig iyxz1  ivuz2   
eKman )vy(i)ux(zz 21   
eK)an 22

21 )vy()ux(|zz|   
nig  2222

21 vuyx|z||z|   
eday  )yvxu(2vuyx|zz| 22222

21 

nig   )vu)(yx(2vuyx|z||z| 222222222
21   

eK)an ³ 
   )yvxu()vu)(yx(2|zz||z||z| 22222

21
2

21   
kenSam   luHRtaEt   0|zz||z||z| 2

21
2

21 

   
0yuxyuv2vx

0vyxyuv2uxyvyuvxux

0)yvxu()vu)(yx(

2222

222222222222

22222







                       Bit 0)uyxv( 2 

dUcenH   . |z||z||zz| 2121 
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7-GaKuym:g;éncMnYnkMupøic 
kñúgtRmuyGrtUNrem )xoy(  eKyk  CarUbPaBén  . )b,a(M ibaz 
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 mMuEdlpÁúMeday   ehAfaGaKuym:g;én )OM,Ox(


b.iaz   . 
 eKtag    b¤ )z(Arg  CaGaKuym:g;én b.iaz   . 
 kñúgRtIekaNEkg OMP  eKman ³ 
   b¤ 2222 baOMr  22 bar    ¬RTwsþIbTBItaKr½¦ 
 

r

a

OM

OP
cos    nig 

r

b

OM

MP
sin   . 

 edIm,IrkGaKuym:g;én b.iaz   eKedaHRsaysmIkar ³ 
 

r

a
cos    nig 

r

b
sin   eK)an Zk,k2)z(Arg   . 

P 

y 

Mb 

  

x o a 
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]TahrN_ 1 ³ rkGaKuym:g;éncMnYnkMupøic i232z   
tamrUbmnþ 42)32(ba|z|r 2222   
               

2

3

4

32

r

a
cos    nig 

2

1

4

2

r

b
sin   

dUcenHGaKuym:g;én  KW z Zk;k2
6

)z(Arg 


  
]TahrN_ 2 ³ rkGaKuym:g;éncMnYnkMupøic 3i1z   

tamrUbmnþ 23()1(ba|z|r 2)222   
               

2

1

r

a
cos    nig 

2

3

r

b
sin   

dUcenHGaKuym:g;én  KW z Zk;k2
3

2
)z(Arg 


  

TahrN_ 3 ³ rkGaKuym:g;éncMnYnkMupøic 2i2z   
tamrUbmnþ 222ba|z|r 22   
               

2

2

r

a
cos    nig 

2

2

r

b
sin   

dUcenHGaKuym:g;én  KW z Zk;k2
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    Edl  nig x y  CacMnYnBit .  kMnt;   nig x y  edIm,I[    . zW 
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!@> edaHRsaysmIkar 
i1

i79
|z|z2




   
      Edl  CacMnYnkMupøic . z

!#> eK[cMnYnkMupøicBIr  nig  Edl 1Z 2Z 0Z2    . 

      cUrRsaybBa¢ak;fa 
|Z|

|Z|

Z

Z

2

1

2

1   . 

!$> eK[cMnYnkMupøicBIr  nig  . 1Z 2Z

 cUrRsaybBa¢ak;fa |Z||Z||ZZ| 2121   . 
!%> eK[cMnYnkMupøicBIr  nig . 1Z 2Z

k> cUrRsaybBa¢ak;fa |Z||Z||ZZ| 2121    
x> Taj[)anfa 222222 dcba)db()ca(   
cMeBaHRKb;   CacMnYnBit . d,c,b,a

!^> eK[cMnYnkMupøic ³ 
2

2.i6
z1


  nig i1z2    

k>cUrsresr  nig 21 z,z
2

1

z

z
Z   CaragRtIekaNmaRt. 

x>cUrsresr 
2

1

z

z
Z   CaragBiCKNit. 

K>Taj[)anfa 
4

26

12
cos




  nig 
4

26

12
sin




 . 
 

 

 
 
 
 

                              eroberogeday lwm plÁún                           - TMBr½57 - 



sikSaKNitviTüaedayxøÜnÉg                    cMnYnkMupøic 

 

!&> eK[cMnYnkMupøic  22.i22z    . 
k-cUrsresr  CaTMrg;BiCKNit . 2z

x-cUrsresr  nig  CaTMrg;RtIekaNmaRt . 2z z

K-TajrktMélR)akdén 
8

cos
  nig 

8
sin

  . 

!*> eK[cMnYnkMupøic 
5

4
sin.i

5

4
cosZ





  

 cUrRsaybBa¢ak;fa  )
5

6
sin.i

5

6
(cos

5

2
cos8)Z1( 33 




  . 
!(> eK[cMnYnkMupøic )i1(24Z    
k-cUrsresr  CaTRmg;RtIekaNmaRt . Z

x-KNnab¤sTI# én  . Z

@0> eKeGay       8i.z3i14.zi32zzf 23   
k>cUrbgðajfa ¢ z     4z32z2izzf 2    
x>edaHRsaysmIkar   0zf   kñúgsMNMukMupøic . 
@!> eK[cMnYnkMupøic 

7

4
sin.i

7

4
cosz





  .  

cUrsresr CaragRtIekaNmaRt . 4)z1( 
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@@> eK[cMnYnkMupøic    nig  i1z1 
2

2.i6
z2


   

k-cUrsresr  nig 21 z,z
2

1

z

z  CaTMrg;RtIekaNmaRt . 

x-cUrsresr 
2

1

z

z  CaTMrg;BiCKNit . 

K-eRbIlTæplxagelIcUrTajrktMélR)akdén 
12

cos
 nig 

12
sin

 . 
@#> eK[sIVúténcMnYnkMupøic kMnt;eday  )Z( n

    
 














 INn;|Z|Z
2

1
Z

2

3i1
Z

nn1n

0
 

    ¬  Cam:UDulén  ¦. |Z| n nZ

snμtfa INn,)sin.i(cosZ nnnn    
Edl   . IR;,0 nnn 

k-cUrrkTMnak;TMngrvag  nig n 1n  ehIy n  nig 1n  . 
x-rkRbePTénsIVút rYcKNna )( n n CaGnuKmn_én n  . 
K-cUrbgðajfa 

2
cos....

2
cos

2
coscos 1n21

00n


   
rYcbBa¢ak;  GnuKmn_én n    . n
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@$> eK[cMnYnkMupøic y.ixz   Edl xnig y  CaBIrcMnYnBit . 
cUrkMnt;témø  nig x y  ebIeKdwgfa ³ 

i2

10
z)i31(z)i23(


       ¬ z  CacMnYnkMupøicqøas;én  ¦ . z

@%> eK[   CacMnYnkMupøicEdl 21 z;z 0r|z||z| 21   . 

bgðajfa 2

2

21
2

21

2

21
2

21

r

1

zzr

zz

zzr

zz





















  

@^>eKyk  CacMnYnkMupøicEdlepÞógpÞat;TMnak;TMng n21 z....;;z;z

1n,...,2,1,0k;0z)kn(iz)1k( 1 kk    
k-kMnt;  ebIeKdwgfa  0z n

n210 2z....zzz 

x-cMeBaHtémø  Edl)ankMnt;xagelIcUrbgðajfa ³ 0z

!n

)1n3(
|z|....|z||z||z|

n
2

n
2

2
2

1
2

0


  

@&> eK[  CacMnYnkMupøicedaydwgfa ³ 321 z;z;z

0zzzzzzzzz 133221321    . 
cUrbgðajfa    |z||z||z| 321 

@*> cUrbgðajfa  1
iz32

iz6



   luHRtaEt  

3

1
|z|    
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@(> eK[  CacMnYnkMupøicEdlmanm:UDúles μI 1 . n321 z....;;z;z;z

eKtag 













 



n

1k k

n

1k
k )

z

1
()z(Z   . 

cUrbgðajfa       2nZ0 

#0> eK[cMnYnkMupøic  Edl z 1|z|    . cUrbgðajfa ³ 
4|z1||z1|2 2    . 

#!> eK[cMnYnkMupøic )
xsin

1
x.(sini)

xcos

1
x(cosZ

2
2

2
2    

Edl   CacMnYnBit. x

cUrkMnt´rkm¨UDulGb,brmaéncMnYnkMupøicen¼ ? 
#@> eK[  INn,i

3

1
i

3

1
A

nn







 






     . 

cUrbgðajfa  
3

n
sin.

)3(

2
.iA

n

1n 


   cMeBaHRKb; n IN  . 

##> kñúgbøg;kMupøic  eK[bYncMnuc   )j,i,O(


D,C,B,A

EdlmanGahVikerogKña 
i45Z,i54Z,i61Z CBA   nig i32ZD   . 

cUrRsayfactuekaN carikkñúgrgVg;mYyEdleKnwgbBa¢ak;p©it ABCD

 nig kaMrbs;va . 
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#$> eK[  nig  CaBIrcMnYnkMupøic .  1z 2z

cUrbgðajfa |1z||1z||zz||zz1| 2

2

2

12121    
#%> eK[  nig  CacMnYnkMupøicBIr . 1z 2z

cUrRsayfa  2
2

2
1

2
21

2
21 |z||z|2|zz||zz|   

#^>eK[  nig  CacMnYnkMupøicBIrEdl 1z 2z 1|z||z| 21   
nig  . 1z.z 21 

cUrRsayfa 
21

21

zz1

zz


  CacMnYnBitmYy . 

#&> eK[BhuFa n)acosasinx()x(P   Edl *INn  
cUrrksMNl´énviFIEckrvag  nwg )x(P 1x2   . 
#*> eK[cMnYnkMupøic  sin2icos2z   
    Edl  . IR

kñúgbøg;kMpøic  eKehA M  CacMnucrUbPaBén z  . )j,i,o(


cUrkMNt;témøtUcbMput nig FMbMputén OMr   ? 
#(> eK[cMnYnkMupøic  ehIyepÞógpÞat;TMnak;TMng ³ 321 z,z,z

1|z||z||z|  321  nig 01
zz

z

zz

z

zz

z

21

2
3

31

2
2

32

2
1    

cUrRsayfa }2,1{|zzz| 321    . 
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$0> eK[cMnYnkMupøic  nig   Edl 1z 2z 1|z||z| 21   
cUrRsayfa 2|1zz||1z||1z| 2121      
$!> eK[sIVútcMnYnBit  kMNt;eday ³ )a( n








 ...,3,2,1n,aaa

1a,1a

n1n2n

21  

eKtagsIVútcMnYnkMupøic  n1nn a
2

3i1
az


   . 

k> cUrRsayfa n1n z
2

3i1
z


  cMeBaHRKb; n  . 1

x> cUrdak; 
2

3i1  CaTRmg;RtIekaNmaRtrYcTajrk CaGnuKmn_én n  . nz

K> TajrktYTUeTAénsIVút  . etI  CasIVútxYbb¤eT ? na )a( n

$@> eK[sIVúténcMnYnkMupøic  kMNt;eday ³ )z( n

2
i32

z1


   nig 
2

i32
z

2
i3

z n1n





  
Edl  . ...,3,2,1n 

k> tag  .  1zw nn 

bgðajfa  CasIVútFrNImaRténcMnYnkMupøic  )w( n

rYcKNna  CaGnuKmn_én n  edaysresrlTæplCaTRmg;RtIekaNmaRt . nw
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x> Tajbgðajfa )
12
n

sini
12
n

(cos
12
n

cos2zn





  . 
$#> eK[sIVúténcMnYnBit  nig  kMNt;eday ³ )u( n )v( n














2
2

v

2

2
u

1

1

       nig 



















2

vu
v

2

vu
u

nn
1n

nn
1n

    Edl  1n 

k> eKBinitüsIVúténcMnYnkMupøic nnn v.iuz   . 
cUrRsayfa  CasIVútFrNImaRténcMnYnkMupøic rYcKNna  )z( n nz

CaGnuKmn_én n  edaysresrlTæplCaTRmg;RtIekaNmaRt . 
x> sMEdg  nig  CaGnuKmn_én  . nu nv n

$$> eK[sIVúténcMnYnBit  nig  kMNt;eday ³ )u( n )v( n









3v

1u

0

0        nig     Edl n  












nn1n

2
n

2
n1n

vu2v

vuu
0

k> eKBinitüsIVúténcMnYnkMupøic nnn v.iuz   . 
     cUrRsayfa  rYcTajfa  . 2

n1n zz 
n2

0n zz 

x> sMEdg  nig  CaGnuKmn_én  . nu nv n
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lMhat;TI1 
eKmancMnYnkMupøic  nig i74z1  i23z2   . 
k> cUrKNna  nig 21 zz  21 zz   . 
x> cUrKNna z  nig 21 z

2

1

z

z  . 

dMeNaHRsay 
k> KNna  nig  21 zz  21 zz 

eyIg)an i97i23i74)i23()i74(zz 21    
nig        i51i23i74)i23()i74(zz 21   
dUcenH i97zz 21    nig  i51zz 21   . 

x> KNna z  nig 21 z
2

1

z

z  

eyIg)an i29214i21i812)i23)(i74(zz 21   
nig i2

13

i1326

43

14i21i812

)i23)(i23(

)i23)(i74(

i23

i74

z

z

2

1 















  

dUcenH  i292zz 21   nig i2
z

z

2

1   . 

 
 
 

 

 
 
 
 

                              eroberogeday lwm plÁún                           - TMBr½65 - 



sikSaKNitviTüaedayxøÜnÉg                    cMnYnkMupøic 

 

lMhat;TI2 
eKman  nig i21z1  i3z2   . 
cUrKNna  nig   ? 2

2
2

1 zzU  3
2

3
1 zzV 

dMeNaHRsay 
KNna  nig    2

2
2

1 zzU  3
2

3
1 zzV 

eyIg)an ³ 
   

i105

1i694i41

i3i21U 22





 

   

i247

i9i2727i812i61

i3i21V 33





 

dUcenH  i105U    nig  i247V    . 
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lMhat;TI3 
cUrkMnt;cMnYnBit pnig q edIm,I[cMnYnkMupøic i23z    
Cab¤srbs;smIkar  . 0qipzz2 

dMeNaHRsay 
kMnt;cMnYnBit pnig q 
ebI  Cab¤srbs;smIkar enaHvaRtUvepÞógpÞat;smIkar  i23z  0qipzz2 

 eK)an      0qi23ipi23 2 

                  0p312.iqp25

0qp2ip34i129


  

 eKTaj)an  naM[  







0p312

0qp25








4p

135p2q  

 dUcenH  13q,4p    . 
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lMhat;TI4 
kMnt;BIrcMnYnBit x  nig y  ebIeKdwgfa ³ 

   
i1

)i97(2
)iy23)(i31()ix1)(i3(




   . 
dMeNaHRsay 
kMnt;BIrcMnYnBit x  nig y   
eKman  

i1

)i97(2
)iy23)(i31()ix1)(i3(




    

    eK)an 
11

)i1)(i97(2
y6i9iy23xiix33




  

                

    i2168y2x3.i6y6x
2

)9i9i77(2
i8iy2ix36y6x




  

 eKTaj    






28y2x3

166y6x

    b¤             naM[ 






10y2x3

10y6x
2y,2x   . 

    dUcenH    . 2y,2x 
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lMhat;TI5 
cUrKNnab¤skaerén  . i4240z 

dMeNaHRsay 
tag Cab¤skaerén IRy;x,y.ixW  i4240z   
eK)an  eday  zW2  ixy2)yx()y.ix(W 2222 

naM[    eKTaj  i.4240ixy2)yx(  22








42xy2

40yx 22

eday   33644240yx4)yx(yx 2222222222   
eKTaj 583364yx 22    . 

eK)anRbBnæ½smIkar  
 

 









240yx

158yx

22

22

 

bUksmIkar ¬!¦ nig ¬@¦ eK)an 98x2 2   naM[ 7x   
dksmIkar¬!¦ nig ¬@¦ eK)an   naM[  18y2 2  3y   
eday 042xy2   naM[ xnig y mansBaØadUcKña naM[eKTaj)anKUcemøIy ³ 

3y,7x   nig  3y,7x   . 
dUcenH   nig i37W1  i37W2    . 
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lMhat;TI6 
eK[cMnYnkMupøic i3b;i32a   nig i41c   
k-cUrsresr  nig 333 cba  cba   CaTRmg;BICKNit . 
x-cUrepÞógpÞat;faeKGackMnt;cMnYnBit k  edIm,I[  . cba.kcba 333 

dMeNaHRsay 
k¿sresr  nig 333 cba  cba   CaTRmǵBICKNit ½ 
 eyIgman  i946i2754i368)i32(a 33 

           
i5247i6448i121)i41(c

i2618i9i2727)i3(b
33

33





 eyIgán  

   
i87111

i5247i2618i946cba 333




 dUcen¼ i87111cba 333     . 

 eyIgman )i41)(i3)(i32(cba   

                 
i2937

28i7i369)i41)(i79(

)i41)(3i9i26(





 

 dUcen¼ i2937cba    . 
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x¿kMnt´cMnYnBit k  
 eyIgman  cba.kcba 333 

 eKTaj 3
i2937

i87111

c.b.a

cba
k

333








  
 dUcen¼  3k    . 
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lMhat;TI7 
eK[cMnYnkMupøic )2y.(i)1x(u;i3a   nig  i162b 

Edl  nig x y  CaBIrcMnYnBit . 
cUrkMnt;témø  nig x y  edIm,I[ 0bau   . 
dMeNaHRsay 
kMnt;témøén x  nig y  
eyIg)an  0bau 

                     
a

b
u   

eday )2y.(i)1x(u;i3a   nig i162b   
eK)an 

i3

i162
)2y.(i)1x(




  

    
i51)2y(i)1x(

10

)8i24i3(2
)2y(i)1x(

i3

)i3)(i81(2
)2y(i)1x(

22











 

eKTaj)an   naM[ 







52y

11x
;2x y 3  

dUcenH  3y;2x     . 
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lMhat;TI8 
eK[cMnYnkMupøic  ylogxlogi)

2

yx
(logZ 223 


  nig 

i21

i13
W




  
Edl  . ** IRy;IRx  

k-cUrsresr  CaTRmg;BICKNit . W

x-kMnt;  nig x y  edIm,I[  . WZ 

dMeNaHRsay 
k-sresr  CaTRmg;BICKNit W

 eyIg)an i52
5

2ii2412

41

)i21)(i12(

i21

i12
W 











  

 dUcenH i52W    . 

x-kMnt;  nig x y  edIm,I[  WZ 

 eyIg)an  Z  smmUl W











5ylogxlog

2)
3

yx
(log

22

2  naM[ 







32y.x

12yx  

 eKTaj y;x  Cab¤sssmIkar 032u12u2   

 eday   eKTajb¤s 43236' 







826u

426u

2

1  

 dUcenH 8y;4x    b¤  4y;8x    . 
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lMhat;TI9 
eK[smIkar  Edl 0bazz:)E( 2  IRb;a   
cUrkMnt;témø a  nig b  edIm,I[cMnYnkMupøic 3i2z1   Cab¤srbs; 
smIkar  rYcTajrkb¤s  mYYyeTotrbs;smIkar . )E( 2z

etIGñkBinitüeXIjdUcemþccMeBaHcMnYnkMupøic  nig  ? 1z 2z

dMeNaHRsay 
kMnt;témø a  nig b  
edIm,I[cMnYnkMupøic 3i2   Cab¤srbs;smIkarluHRtaEtvaepÞógpÞat;smIkar 
eK)an  0b)3i2(a)3i2( 2   

        
0)3a34(i)ba21(

0b3aia233i44



  

eKTaj)an  







0ba21

03a34   b¤  






7b

4a  

dUcenH  7b;4a    . 

KNnab¤smYYyeTotrbs;smIkar  ³ 
ebI  Cab¤srbs;smIkarenaHtamRTwsþIbTEvüteK)an ³ 21 z;z

4azz 21   eKTaj 3i2)3i2(4z2   
dUcenH 3i2z2   . eyIgBinitüeXIjfacMnYnkMupøic  nig  qøas;Kña . 1z 2z
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lMhat;TI10 
eK[cMnYnkMupøic z  Edlman z  CacMnYnkMupøicqøas;rbs;va . 
edaHRsaysmIkar i3

7

ziz
|z|log5 


  

dMeNaHRsay 

edaHRsaysmIkar  i3
7

ziz
|z|log5 


   

tag y.ixz   naM[ iyxz   Edl IRy;x   
smIkarGacsresr  ³ 

i3
7

yx
i)yxlog

7

yx
(

i3
7

yixiyx
yxlog

i3
7

)iyx(i)iyx(
|iyx|log

22
5

22
5

5

















 

eKTaj)an  















3yxlog
7

yx

1
7

yx

22
5

 b¤  










3yxlog1

7yx

22
5

4

 

b¤      eKTajcemøIy 








25yx

7yx
22
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lMhat;TI11 
eK[cMnYnkMupøicBIr ³  

)yx2(ix3z   nig  ]21[iy1W )3x(log5 

Edl  nig x y  CacMnYnBit .  kMnt;  x  nig y  edIm,I[ zW     . 
dMeNaHRsay 
kMnt;   nig x y  
edIm,I[  luHRtaEt zW 








)zIm()WIm(

)zRe()WRe(  

eKTaj)an    







 )2(yx221

)1(x3y1
)3x(log5

tam  eKTaj )1( )3(1x3y  ykCYskñúgsmIkar  )2(

eK)an  1x3x221 )3x(log5    
      lkçx½NÐ x2 )3x(log5  03x   b¤  3x   
tag  naM[ )3x(logt 5  t53x   b¤  35x t   
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2

4
1 ZZZ 

    K> cUrepÞógpÞat;fa     2
2121

2
21 )ZZ(Z.Z4ZZ 

        rYckMnt;rk  nig . 1Z 2Z

$^> eKmancMnYnkMupøic  nig  Edl xyixZ 2
1  ixyyZ 2

2  IRy,x   . 
      cUrkMnt;  nig x y  edIm,I[ 2

21 )2007i2006(ZZ   . 
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$&> eK[cMnYnkMupøic ³ 
     )ac(i)cb(Z,)cb(i)ba(Z 21   
    nig    Edl  CabIcMnYnBitxusKña. )ba(i)ac(Z2  c,b,a

   cUrbgðajfa    321
3

3
3

2
3

1 Z.Z.Z3ZZZ 

$*> cUrKNnab¤skaeréncMnYnkMupøicxageRkam ³ 
     k>  i1448Z/a  i1024Z/b   
     x> i4240Z/a   i3677Z/b   
     K> i4855Z/a   6i1Z/b   
$(> cUrsresrcMnYnkMupøicxageRkamCaTRmg;RtIekaNmaRt ³ 
     k> 3i1Z/a   i232Z/b   
     x> 

2

i1
Z/a


  i33Z/b   

     K> 
2

2i6
Z/a
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i22Z/b   

     X> 
3

i
1Z/a   2i2Z/b   

     g> i21Z/a   i32Z/b   
%0> cUrsresrCaTRmg;RtIekaNmaRténcMnYnkMupøicxageRkam ³ 
    k> 

9

4
sin.i

9

4
cos1Z/a





  

10
cos.i

10
sin1Z/b
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    x> )
7

2
cos1(i

7

2
sinZ/a





  

5

4
sini

5

4
cos1Z/b





  

    K> 
5

cos22.i
5

cos22Z/a





   

        
7

tani1Z/b


  

    X> 
10

cos.i
10

sinZ/a





   

         )
8

sini
8

)(cos23(Z/b





  

   g> 
4

cos2222.i
4

cos2222Z





     . 

%!> cUredaHRsaysmIkarxageRkamrYcsresrb¤snImYy²CaragRtIekaNmaRt ³ 
     k>  04z2z/a 2  01z2z2/b 2   
     x> 01z.3z/a 2   01zz/b 2   
%@> cUrsresr 32.i32Z   CaragRtIekaNmaRt . 
%#> cUrsresr 22i22Z   CaragRtIekaNmaRt . 
%$> k-KNnatémøR)akdén 

10
cos,

10
sin

  nig 
10

tan
  . 

      x-TajrkTRmg;RtIekaNmaRtén 225.i1Z   . 
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%%> eK[cMnYnkMupøic 
2

6i2
z1


  nig i1z2   

     k> cUrsresr 
2

1

z

z
Z   CaTRmg; a i.b  . 

     x> cUrsresr  nig 21 z,z
2

1

z

z
Z   CaTRmg;RtIekaNmaRt . 

     K> edayeRbIlTæplxagelIcUrTajrktémøR)akdén 
12

cos
  nig 

12
sin

  . 

%^> eKmancMnYnkMupøic 
2

i1
z1


  nig i232z2   . 

   k> cUrsresr  CaTRmg;BICKNit . 21 z.zZ 

   x> cUrsresr  nig 21 z,z 21 z.zZ   CaTRmg;RtIekaNmaRt . 
   K> edayeRbIlTæplxagelIcUrTajrktémøR)akdén 

12

5
cos

  nig 
12

5
sin

  . 
%&> eK[  . cUrsresr z  nig  CaTRmg;RtIekaNmaRt . i1z  2007z

%*> eK[ i3z   . cUrsresr  nig  CaTRmg;RtIekaNmaRt . z 2007z

%(> eK[ 
2

3i

2

1
z   . cUrsresr z  nig  CaTRmg;RtIekaNmaRt . 2007z

^0> eK[cMnYnkMupøic i32Z   
    k-cUrepÞógpÞat;fam:UDúl 26|Z|    . 
    x-bgðajfa )

6
sin.i

6
cos1(2Z





  rYcTajrkTRmg;RtIekaNmaRtén . Z

    K-Tajbgðajfa 
4

26

12
cos




  . 
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^!> eK[cMnYnkMupøic i12Z   
     k-cUrepÞógpÞat;fam:UDúl 22.2|Z|    . 
     x-bgðajfa )

4
sin.i

4
cos1(2Z





   

         rYcTajrkTRmg;RtIekaNmaRtén Z. 

      K-Tajbgðajfa 
2

22

8
cos




  . 
^@> eKmancMnYnkMupøic ³ 
      

2

i3
Z1


  nig )13(i)13(Z2   . 

    k> cUrsresr  CaragBICKNit . 21 Z.ZU 

   x> cUrsresr  nig  CaragRtIekaNmaRt rYcTajrkm:UDúl nigGaKuym:g; U 1Z

       éncMnYnkMupøic  . 2Z

   K>cUrTajbgðajfa 
4

26

12
cos




  nig 
4

26

12
sin




  . 

^#> eK[cMnYnkMupøic 
2

3i1
z


  . 

      cUrrkm:UDúl nigGaKuym:g;éncMnYnkMupøic 
2

2012

z1

z
U


  . 
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^$> eK[cMnYnkMupøic 
222

2

n
)1n2()1nn(

)1n2(i1nn
Z




  

 Edl n  CacMnYnKt;FmμCati . 
     k> bgðajfa 

i1n

1

in

1
Zn 




  . 
     x> KNna n210n Z.....ZZZS   edaysresrlTæpl 
        Edl)anCaragBICKNit . 
^%> eKmansIVúténcMnYnkMupøic kMnt;eday ³ )Z( n

      
2

3i3
Z0


  nig  

2

3i1
Z

2

3i1
Z n1n





   Edl INn  . 

 k> eKtag  cMeBaHRKb; 1ZU nn  INn  . 
          cUrbgðajfa INn,U.

2

3i1
U n1n 


  

 x> cUrsresr CaTRmg;RtIekaNmaRt . nU

 K> cUrRsaybBa¢ak;fa ³ 
          



 





6

)1n(
sin.i

6

)1n(
cos

6

)1n(
cos2Zn  

 X> cUrkMnt;TRmg;RtIekaNmaRtén  . nZ

^^> ebI  CacMnYnkMupøicEdlepÞógpÞat;TMnak;TMng ³ z

   cMeBaHRKb; nn2 )z1(z  INn  enaHcUrRsaybBa¢ak; 
 facMnYnkMupøic z  nig 

z

1
1  manm:UDúlesμIKña . 
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^&> edaHRsaysmIkar i1|z|izz 233   . 
^*> eKmancMnYnkMupøic 

2

7i1
  nig 

2

7i1
  

     k> sresrsmIkardWeRkTIBIrEdlman  , Cab¤s . 
     x> tag  . nn

nS:Zn 

       cUrRsayfa 0S2SS n1n2n    ?                 

^(> eK[cMnYnkMupøic ³ 














333

222

111

b.iaZ

b.iaZ

b.iaZ

   Edl a   321321 b,b,b,a,a,

      CacMnYnBit .  kñúglMhRbkbedaytMruyGrtUnrm:al;  )k,j,i,o(


     eK[RtIekaN mYyEdl nig   .  ABC )a,a,a(AB 321


)b,b,b(AC 321



     k>cUrkMnt;RbePTénRtIekaN  kalNaeKmanTMnak;TMng   ABC

          . 0ZZZ 2
3

2
2

2
1 

     x> cUrRsayfaebI  CaRtIekaNEkgsm)aTkMBUl A  ABC

         enaHeK)an 
3

ZZZ
)Z.Z.Z(

6
3

6
2

6
12

321


    . 
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x&0> eK[cMnYnBit  Edl Zk,k
2

x 


  
 k> cUrRsaybBa¢ak;fa ³ 
         

xcos

x3sinix3cos
)xtanxtan3.(ixtan31

3
32 

  

 x> eRbITMnak;TMngxagelIcUrTajbgðajfa ³ 

           
xtan31

xtanxtan3
x3tan

2

3




  

 K> cUrsresr )x
3

tan( 
  nig )x

3
tan( 

 CaGnuKmn_én  .  xtan

  X> Taj[)anfa 
xtan

x3tan
)x

3
tan()x

3
tan( 




  . 

  g>cUrKNnaplKuN  









n

0k

nn
n )]a3

3
tan().a3

3
[tan(P  . 

&!> edaHRsaysmIkar   i31z.i|z|    Edl z  CacMnYnkMupøic . 
&@> edaHRsaysmIkar )i21(3z)z.z(log5    . 
&#> edaHRsaysmIkar i422iz|i1z|    . 
&$> eK[sIVúténcMnYnkMupøic kMnt;eday ³ )Z( n

      nig  1Z0  )|Z|Z(
2

1
Z nn1n     Edl INn  

    KNna   edaysresrlTæpleRkamTRmg;RtIekaNmaRt . nZ
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&%> sresrcMnYnkMupøic 
9

4
sini

9

4
cos

9
sini

9
cos

z










  CaTRmg;RtIekaNmaRt . 

&^> sresrcMnYnkMupøic 




cosisin1

cosisin1
z  CaTRmg;RtIekaNmaRt . 

&&> enAkñúgbøg;kMupøic )xoy(  tamcMNuc  CarUbPaBén )'z('M )i44z(M   
      tambMElgvilp©it O  nigmMu 

6


   .  cUrkMMNt;  ? 'z

&*> bgðajfa )
4

n
sini

4

n
(cos2)i1( 2

n
n 




   . 

&(> bgðajfa )
6

n
sin.i

6

n
(cos2)i3( nn 




   . 

*0> eK[cMnYnkMupøic 
6

sin.i
6

cosz





  
   k> edAcMnuc  elIrgVg;RtIekaNmaRt . 765432 z,z,z,z,z,z,z

      x> kMNt;témø 11432 z....zzzz1     . 
*!> eKmancMnYnkMupøic   nig i23  i54   EdlmanrUbPaBtagedaycMNucerogKña  A

     nig   . B

  k> KNnaRbEvg AB  
  x> rkkUGredaencMNuckNþal  . AB
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*@> cMNuc  nig C CarUbPaBerogKñaéncMnYnkMupøic B,A 1,i2  nig i23   . 
      R)ab;RbePTénRtIekaN   . ABC

*#> cUrrk nig sg;sMNMucMNuc  manGahVik  EdlepÞógpÞat;lkçxNÐxageRkam ³ M z

     k> 2|i1z|   x> 4|i23z2|   
  K> 2|iz|   X> 1

1z

iz



  

  g> 2
1z

iz



  c> 1

i2z

1iz



  

*$>k-cMeBaHRKb;cMnYnkMupøic  nig  cUrbgðajfaeKmansmPaB ³ 1z 2z

       2
21

2
21

2
2

2
1 |zz||zz|)|z||z|(2 

  x-cUrbkRsaysmPaBenHtamEbbFrNImaRt . 
*%> cUrkMNt;cMnYnkMupøic z  edaydwgfa |z1||

z

1
||z|    . 

*^> cUredaHRsaysmIkarkñúgsMNMukMpøic 
i3

i1
z6




  . 

*&> eK[ 7

4
i

e


   .  cUrRsaybBa¢ak;fa ³ 

      2
111 6

3

4

2

2














  

**> edaHRsaykñúgsMNMucMnYnkMupøic i8z6   rYcTajrktémø 
12

cos
  nig 

12
sin

  
*(> eK[ y.ixz   Edl IRy,x   . bgðajfa |y||x||z2|   . 
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